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Abstract—Building natural scene statistic models is a po-
tentially transformative development for a wide variety of
visual applications, ranging from the design of faithful image
and video quality models to the development of perceptually
optimized image enhancing techniques. Most predominant sta-
tistical models of natural images only characterize the uni-
variate distributions of divisively normalized bandpass image
responses. Previous efforts towards modeling bandpass natural
responses have not focused on finding closed-form quantative
models of bivariate natural statistics. Towards filling this gap,
Su et al. [1] recently modeled spatially adjacent bandpass image
responses over multiple scales; however, they did not consider
the effects of spatial distance between the bandpass samples.
Here we build on Su ef al.’s model and extend their closed-
form correlation model to non-adjacent distant bandpass image
responses over multiple spatial orientations and scales.

Index Terms—Natural Scene Statistics; Bivariate Correlation
Models; Bandpass Natural Images.

I. INTRODUCTION

Models of the function of Natural Scene Statistics (NSS)
of perceived images have become essential building blocks
in many reliable image and video processing algorithms.
Such algorithms span a wide range of applications from
image/video quality assessment models [2], [3], [4] to state
of the art image enhancement techniques including image
denoising [5], image defocus [6], and image super-resolution
[7]. Tremendous effort has been made to fathom the rela-
tionships between NSS and visual perception and how these
relationships might be exploited to produce perceptually
relevant image processing models.

Spatial processing in primary visual cortex is often mod-
eled in image analysis algorithms by a Gabor filter bank [8],
[9], which decomposes and decorrelates the received signal
over multiple scales and orientations, followed by nonlinear
adaptive gain control (ACG) [10]. The resulting visual signal
after decorrelation is well-modeled by certain probability dis-
tributions. Ruderman [11], operating on naturalistic images,
showed that a local mean subtraction operation followed
by division by a measure of local image energy, such
as local variance (divisive normalization) reproduces this
decorrelation effect. The resulting signal following these two
operations is strongly Gaussianized [11]. This concept has
been deeply exploited in the establishment of first order
statistical models of bandpass natural images.

Among previous attempts to characterize the bivariate
behavior of natural images, little attention has been applied
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to finding closed form models. In an attempt to fill this
gap, Su et al. [1] proposed a closed form correlation model
of horizontally adjacent oriented bandpass natural image
responses across multiple pixels and multiple sub-band band-
pass orientations and scales. The authors demonstrated that
this model is useful for a wide variety of image processing
applications including stereoscopic image quality prediction
[12]. This predictor outperforms state-of-the-art full- and no-
reference 3D IQA algorithms on both symmetrically and
asymmetrically distorted stereoscopic image pairs. They also
applied the new correlation model to design a depth estimator
based on single luminance images [13]. This suggests that
generalizing the model could be very propitious. Here, we
extend Su et al.’s work [1] and present a closed form corre-
lation model of oriented bandpass natural images covering a
spatial distance of up to ten pixels, encompassing all discrete
spatial angles, over four scales.

II. RELEVANT OBSERVATIONS AND MODELS

Simoncelli et al. [14] observed that the coefficients of
orthonormal wavelet decompositions of natural images are
decorrelated but not independent. Liu et al. [15] noted
the presence of inter and intra-scale dependencies between
wavelet coefficients. Sendur et al. [16] used a circularly
symmetric bivariate distribution to model the dependencies
between image wavelet coefficients and their parents (at
coarser scale locations).

Inspired by Geman et al.’s work, [17] deploys a Markov
random field model to implement image restoration at
low signal-to-noise ratios, Portilla et al. [18] targeted the
problem of natural image texture modeling. They used a
set of parametric constraints on pairs of complex wavelet
coefficients at adjacent spatial locations, orientations and
scales in conjunction with a non-Gaussian Markov Random
Field. The major issue with this method is in the choice
of statistical constraints, which were obtained by applying
a form of reverse-engineering of the early Human Visual
System (HVS). The selection process of the parameters was
achieved by observing failures to synthesize particular types
of texture rather than seeking the optimality of the solution.
Given the under-determined nature of the problem, additional
constraints would be useful. Po et al. [19] modeled natural
images using a hidden Markov tree, a Gaussian mixture
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model, and two dimensional contourlets to capture interloca-
tion, interscale, and interdirection dependencies. Mumford
et al. [20] proposed an infinitely divisible model of generic
image statistics. This model assumes that the environment
may be subdivided into objects cast against an ergodic field,
containing regions with very little information (e.g. blue sky).
This model was used to fit parts of images but falls short of
capturing the 2D dependencies between (bandpass) image
luminances.

None of the above-mentioned models provides a closed
form bivariate correlation model of natural images. Such
a model, of “perceptually transformed” bandpass and nor-
malized images, could supply powerful priors on numerous
visual processing problems. Su et. al [1] attempted to bridge
this gap by modeling the responses of adjacent oriented
bandpass natural image pixels. Here we broaden their model
to encompass non-adjacent distances, while also exploring
simplifications of the model.

III. BASIC IMAGE MODEL

First we describe the preprocessing steps applied to the
images before modeling them. The images used are high
quality pristine images from the LIVE IQA database [3] and
from the Berkeley image segmentation database [21].

A. Color Space Transformation

Each natural image was first transformed to the CIELAB
color space. This color space relates to human color per-
ception [1]. Only the L component was used in our current
development of the correlation model.

B. Steerable Filters

The steerable filters [22] were applied as a simple model
of the bandpass characteristic of simple cells in primary
visual cortex. A steerable filter at a given frequency tuning
orientation 0; is defined by:

F(01) = cos(61)F, + sin(61)F, (D

where F, and F,, are the gradients of the two dimensional
bivariate gaussian function with respect to the horizontal
and vertical axes respectively. F, and F}, are normalized to
get unit energy. Image decompositions using steerable filters
yield decorrelated representations over scale and orientation
which resemble spatial cortical responses. Similarly to [23],
altering the variance o of the bivariate gaussian function
(differentiated to obtain F, and F})) allows to account for the
multi-scale decomposition computed by simple cells in area
V1. For this purpose, we set the variance o to 1, 2 and 4 as in
[23] in addition to 1.5, 2.5, 3 and 3.5. The (half-peak) octave
bandwidth of the steerable filter (1) is about 2.6 octaves. We
computed responses on all images over 15 frequency tuning
orientations 67 ranging over [0, 7/15, 27 /15, ..., 7.

C. Divisive Normalization

Divisive normalization was applied on all the steerable
filter responses. This step models the non linear adaptive
gain control of V1 neuronal responses in the visual cortex
[24]. This process further decorrelates and gaussianizes the
image data [11], [14]. The divisive normalization model used
here is:

w($i>yi) w($i>yi)

u(zi, y;) = =
Votwlw, \[s+ 3 gl ywle;, )
2)
where (z;,y;) are spatial coordinates, w are the wavelet
coefficients, u are the coefficients obtained after divisive
normalization, and s = 10~% is a semi saturation constant.
The weighted sum is computed over a spatial neighborhood
of pixels in the same sub-band index by j (assuming a
window of dimensions 3 x 3 hence j = 9). The Gaussian
weighting function, g(x;,y;), is circularly symmetric and
unit volume.

D. Modeling the Bivariate Joint Distribution

The bivariate joint distribution model aims to characterize
pairs of pixels having a relative distance between 1 and 10,
and covering all possible discrete angles. This extends Su
et al.’s work [1], where the bivariate joint distribution was
computed from adjacent pixels only.

Inspired by the fact that the univariate generalized
Gaussian distribution successfully models univariate natural
scenes, we deploy a multivariate generalized Gaussian distri-
bution (MGGD) to model the bivariate joint histogram of two
target pixels at two different spatial locations in the bandpass
normalized image. This choice is also justified by the fact
that the MGGD is an accurate model of multi-dimensional
image histograms [25]. The probability density function of
the MGGD is:

1 _
p(w;M,a,B) = ﬁga,,@(mTM 1$) (3)
|M |2
Where £ € RN, M is an N x N scatter matrix, o and B
are scale and shape parameters respectively, and g, (.) is

the density generator:

Ar(3)

,l(g)ff
27 emalg 4)
(277ma) 31 (L)

Ja,p (y) =
where I' is the digamma function and y € RT. Note that if
B = 0.5 then (3) is a multivariate Laplacian distribution, and
when = 1, (3) is a multivariate Gaussian distribution.

The bivariate empirical histograms of the sub-band co-
efficients of natural images are thus modeled using a bi-
variate generalized Gaussian distribution (BGGD), by setting
N = 2. This also presumes that the images have not been
distorted, which may change their statistics. Similar to [1] the
parameters of the BGDD were estimated using an efficient
maximum likelihood estimation method [26].
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IV. THE GENERALIZED MODEL

The BGGD model captures the way the shape, height, and
dispersion of the bivariate distributions vary with the spatial
locations and the tuning orientation of the sub-band re-
sponses. Su et al. [1] found that when the spatial orientation
0, between the bandpass samples matches the frequency tun-
ing orientation 61, the joint distribution becomes peaky and
extremely elliptical, implying that the bandpass responses are
highly correlated. Conversely, when the spatial relationship
and the sub-band tuning orientation becomes orthogonal, the
joint distribution approaches a circular Gaussian suggesting
nearly independent sub-band responses.When the steerable
filters (1) are used, the best-fitting BGGD distribution never
approaches circularity, which may be because the steerable
filters have a fairly wide bandwidth. In their study of the
correlation behavior of spatially adjacent subband responses
as a function of the relative orientation (difference between
spatial and tuning orientations), the authors of [1] observed a
periodic behavior from which they deduced an exponentiated
cosine of the correlation coefficients:

p = Acos(y — 6,)* +c 5)

as a function of relative orientation, where 61 and 65 are the
sub-band and spatial tuning orientations respectively, A > 0
is the amplitude,  is a shape exponent and c is an offset.
The relative orientation is represented by 02 —6;. The authors
obtained a closed form model by fitting the correlation coef-
ficients between horizontally adjacent bandpass responses as
the function (4) of the sub-band tuning orientations using all
the high quality images in the LIVE IQA database [3]. Of
course, the periodicity of the model is unsurprising; however
the good fits obtained using a simple parametric functional
model is both unexpected and useful.

Here we generalize Su er al.’s model to non-adjacent
distances between the bandpass samples. For consistency
with the followed convention for #; and -, the relative angle
0> — 0y increases in a counterclockwise direction as in [1].

The spatial orientation 0y = arctan(g—z) where J, and
0, are the relative row and column differences between
coordinates of the responses after divisive normalization. The
tuning orientation #; is defined as the normal to a sinusoidal
wave front.

We used the midpoint circle algorithm [27] to generate
digital circles of integer radius varying between 1 to 10 in
the image space. Points on each circle defined the spatial
pairs (6, 0y).

The empirical correlations are defined as Pearson correla-
tion coefficients. Each (0., d,) defines a spatial orientation
0. The 15 sub-band orientations are drawn from the set
{0, £, 15 s 114—5“} rad at each scale of the steerable filters’
decomposmon. This process was performed on all the images
in the LIVE IQA database [3] (29 images) and on some
images from the Berkeley image segmentation database (71
images) [21] for each #; and 65. Model fits are applied on
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Fig. 1. Average correlation coefficients at scale 1, 2 = 7/2 and o0 = 1
for separations of 1,3, 5 and 7 and their corresponding fits.

the average correlation values of the 100 images from the
two databases.

By examining the correlation coefficients plots for small
62 + 62,
correlation is obtained when 65 — 67 is equal to 0. Gen-
erally, the maximal correlation drops as the relative distance
between the origin and target increases. We also observe a
similar trend across the seven different scales; the correlation
functions exhibit a similar shape with a difference in the
ranges attributed to passing different frequencies.

Fig. 1 illustrates the trend in the shapes of the correlation
02 + 62 increases. Fig. 2 illus-

distances § = we observe that the maximal

function as the separation
trates the trend in the parameters versus the spatial separation
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Amplitude and offset for 6=1,0.25, and 4.0 and 82=1:/2 rad as & function of the spatial separation
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Fig. 2. The trend in the amplitude and offset in the correlation function fit
(5) versus spatial separation for f2 = 7/2 and o = 1,2.5 and 4.

for 6, = /2. A and c are presented only as v = 0.5.

V. VALIDATION OF THE GENERALIZED MODEL

We computed the Mean Squared Error (MSE) and Pear-
son’s x? test on the model against the empirical correlation
coefficients over all of the pristine images of the LIVE IQA
database [3] and the VCL@FER Image Quality Assessment
Database [28] to validate our model. The x? test is computed
as:

o 2
XQ:ZZM (6)

/
i=1 j=1 Pj

where {p}} = p’ € RPis the model, {p;;} = p; € R” are
the correlation coefficients of the i*" pristine image, S = 15
is the total number of sub-band angles, and N is the number
of pristine images. N = 100 for images from the LIVE IQA
database combined with the images from the Berkeley image
segmentation database, and N = 23 for the VCL@FER
database. The MSE and x? test of the samples previously
presented are shown in Table 1.

The MSE is low for all separations considered. The y? test
has small values except for some points at high distances,
which may be attributed to the small magnitude of the
correlation coefficients magnifying any minor deviation from
the model.

MSE training | x? training | MSE testing | x? testing
Distance 1 0.004178 0.459442 0.001053 0.11582
Distance 3 0.166615 48.77902 0.038803 11.43254
Distance 5 0.364689 -27.6250 0.070773 -0.46758
Distance 7 0.323636 290.3075 0.057003 47.40307
TABLE T

MSE AND 2 OF THE GENERALIZED MODEL AGAINST EMPIRICAL
CORRELATIONS AT SCALE 1 AND f2 = 7/2 FOR SEPARATIONS OF 1, 3,5
AND 7.

VI. CONCLUSION

We described a generalized closed-form correlation model
of oriented bandpass natural images accounting for separa-
tion between the bandpass samples up to 10 pixels. In the
future, we plan to make use of this correlation model as a
building block in applications including non-reference image
quality prediction, texture modeling and image interpolation.
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